Abstract. We make use of the variational properties of the geodesic distance function of a Riemannian manifold and the technique of the "blowing-up" (o-process) on a complex manifold to derive the nonexistence of compact complex analytic subvarieties in a simply connected, complete Hermitian manifold with nonpositive sectional curvature.
1. Notation and preliminaries. In this section we introduce the notation and definitions that will be used in the following sections.
(i) Let M" be a complete connected Riemannian manifold of dimension n and class C°°. Throughout this note we will indicate by r = the geodesic distance function of M.
A/A = the diagonal of the product manifold M X M. For every (p, q) in M \f M we introduce a natural orthonormal frame of M V M at (p, q) as follows:
Let y be the unique geodesic (parametrized by arc-length) in M between p and q and let {e'¡(p), 1 < / < n) be an orthonormal frame of M at p, with e\(p) = the tangent vector to y atp; by parallel translation along y from/? to q we construct an orthonormal frame {e"(q), I < i < n) of M at q and then we set e±i(p, q) --±r [(e¡(p), 0) ± (0, e¡'(q))], 1< i < n.
We introduce the subspaces n n ,,)=SNa?) and V^^'Z Re_i(p,q) ¡ = i i-i and observe that for (p, q) in M V M T(P,q)rVc = VtP,q)®V^q)\Re_x(p,q), where c = r(p, q). Moreover, ex(p, q) is a principal direction of curvature of We at (p, q) with normal curvature equal to zero, see [2] .
(ii) Let M be a complex manifold and letp be a point in M. We will denote by Mp the "blowing-up" manifold of M atp, by o: Mp^> M the corresponding quadratic transformation and by Bp = o~x({p})-Notice that Bp is isomorphic to a complex projective space Ci""-1, n = dimc M. Let F be a complex analytic subvariety of M with p in V, then the set Vp (topological closure of o~x(V \ {/>}) in Mp) is a subvariety of Mp and it is called the "blowing-up" of the variety V atp.
The projective tangent cone of V atp is defined by Kp{V)= Vp^Bp.
It is known that if V is an irreducible variety of dimension d then Kp(V) is a variety of dimension d -1.
2. Manifolds with nonpositive sectional curvature. In this section we will make use of the variational properties of the geodesic distance function r to derive certain properties about the "position" of the submanifolds Wc when M has nonpositive sectional curvature. We start by proving Proposition 1. Let M" be a simply connected, complete Riemannian manifold with nonpositive sectional curvature. Then for every real number c > 0, the submanifold Wc has at every point 2n -2 principal directions in which the normal curvature is negative and one principal direction with curvature zero.
Proof. Let (p,q) E M \J M and set c = r(p, q). Let y be the unique geodesic (parametrized by arc-length) in M between p and q. For every v E (Rex(p, q))1-(the orthogonal complement to Rex(p, q) in T, AVC) we construct a variation W(s, r), 0 < í < c, -oo < í < oo, satisfying: From the fact that M is simply connected and has nonpositive curvature it follows that such variation exists and can be represented as which is zero because of (2). Hence the second variation formula becomes
r-0
Applying (3) to the 2n -2 independent directions {e¡(p,q) -e_¡(p,q); e_i(p, q), 2 < / < n) we see that for each of them the second variation formula is strictly positive. This, together with the fact that because of (1), This completes the proof of Theorem 1. Next we apply Theorem 1 to obtain Theorem 2. Let M" be as in Proposition 1. Then the geodesic distance function r of M" cannot achieve a positive relative maximum on any k-dimensional (k > 1) totally geodesic submanifold Vk in M X M.
Proof. Let Vk (k > 1) be a totally geodesic submanifold in M X M and let us assume that r achieves a positive relative maximum c on Vk at (p, q). We consider through (p, q) the 2« -1 dimensional submanifold Se given by Theorem 1. Then from the definition of Se we have T(p,q)Se = T(p,q)Wc (5) and on the other hand, because of the maximality of r on Vk at (p, q),
From (5) and (6) and the fact that k > 1, there exists 0 ¥= v E Tlpq)Vk \ Rex and then by Theorem 1 r(p, q) < r(exp(pq)tv) for t small.
But since Vk is totally geodesic, exp(pq)tv E Vk, for all t, and because of the local maximality of r on Vk at (p, q),
which contradicts (7). Thus r cannot achieve a positive relative maximum on Vk which was our assertion. We observe that from Theorem 2 follows the well-known fact that there exists no compact totally geodesic submanifold on a simply connected, complete Riemannian manifold with nonpositive curvature.
Proof. Let us assume that there exists Vk a compact complex analytic subvariety of M V M (k > 1). Then r has a maximum on Vk at (p, q), r(P-> l) = c-We know that the tangent space of Wc at (p, q) can be written as T(P,q)Wc = 2 Re,. 0 2 R/e, © 2 Re_, © 2 Ve_,. which is negative because A0 corresponds to a direction in T( pXWc. It follows that the average is positive for \t\ small and then (9) holds true. This contradicts the fact that r has a maximum on Vk at (p, q). Q.E.D.
Corollary. Let M be a simply connected, complete Hermitian manifold with nonpositive Riemannian sectional curvature. Then there exist no compact complex analytic subvarieties in M.
We observe that when M is Kählerian, this corollary follows from Theorem 1 of [3] . We further note that a (non-Kählerian) Hermitian manifold satisfying the hypothesis of License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use
